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ABSTRACT
Some rst results are presented regarding the behavior of invariant correlations
in simplicial gravity, with an action containing both a bare cosmological term and
a lattice higher derivative term. The determination of invariant correlations as
a function of geodesic distance by numerical methods is a dicult task, since the
geodesic distance between any two points is a function of the uctuating background
geometry, and correlation eects become rather small for large distances. Still,
a strikingly dierent behavior is found for the volume and curvature correlation
functions. While the rst one is found to be negative denite at large geodesic
distances, the second one is always positive for large distances. For both correlations
the results are consistent in the smooth phase with an exponential decay, turning
into a power law close to the critical point at G
c
. Such a behavior is not completely
unexpected, if the model is to reproduce the classical Einstein theory at distances
much larger than the ultraviolet cuto scale.
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1 Introduction
Regge's formulation of gravity is the natural discretization for general relativity [1].
At the classical level, it is the only model known to reproduce in four dimensions
general relativity as we know it, with continuous curvatures, classical gravitational
waves, and no graviton doubling problem in the weak eld limit. The correspon-
dence with continuum gravity is particularly transparent in the lattice weak eld
expansion, with the invariant edge lengths playing the role of innitesimal geodesics
in the continuum. In the limit of smooth manifolds with small curvatures, the con-
tinuous dieomorphism invariance of the continuum theory is recovered [2, 3]. But
in contrast to ordinary lattice gauge theories, the model is formulated entirely in
terms of coordinate invariant quantities, the edge lengths, which form the elementary
degrees of freedom in the theory [4, 2].
Recent work based on Regge's simplicial formulation of gravity has shown in pure
gravity the appearance in four dimensions of a phase transition in the bare Newton's
constant, separating a smooth phase with small negative average curvature from a
rough phase with large positive curvature [5, 6]. While the fractal dimension seems
rather small in the rough phase, indicating a tree-like geometry for the ground
state, it is very close to four in the smooth phase close to the critical point. A
calculation of the critical exponents in the smooth phase and close to the critical
point seems to suggest that the transition is second order, at least for suciently
large higher derivative coupling, with divergent curvature uctuations, and that a
lattice continuum might therefore be constructed.
In this paper we will present some rst result regarding the nature of invariant
correlations in simplicial gravity, as derived from numerical studies on lattices with
24  8
4
= 98; 304 and 24  16
4
= 1; 572; 864 simplices. The paper is organized as
follows. In Sec. 2 we introduce the simplicial action and measure for the gravita-
tional degrees of freedom. We then discuss in Sec. 3 the formulation and expected
properties of invariant gravitational correlations, such as the volume-volume and
curvature-curvature correlation functions at xed geodesic distance. In Sec. 4 we
present our results and their interpretation, and Sec. 5 then contains our conclu-
sions.
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2 Action and Measure
We write the four-dimensional pure gravity action on the lattice as
I
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; (2:1)
where V
h
is the volume per hinge (which is represented by a triangle in four dimen-
sions), A
h
is the area of the hinge and 
h
the corresponding decit angle, proportional
to the curvature at h. All geometric quantities can be evaluated in terms of the lat-
tice edge lengths l
ij
, which uniquely specify the lattice geometry for a xed incidence
matrix. The underlying lattice structure is chosen to be hypercubic, with a natu-
ral simplicial subdivision to ensure its overall rigidity [2, 7, 8, 9]. In the classical
continuum limit the above action is then equivalent to
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with a bare cosmological constant term (proportional to ), the Einstein-Hilbert
term (k = 1=8G), and a higher derivative term proportional to a. For an appro-
priate choice of bare couplings, the above lattice action is bounded below, due to
the presence of the higher derivative term. When considering small uctuations
about a regular lattice the unboundedness present for a = 0 is slightly ameliorated
by the presence of a lattice momentum cuto, which cuts o the conformal mode
uctuations at high momenta [2]. Away from almost regular lattices the situation is
more complex and one has to resort to non-perturbative methods to investigate the
stability of the ground state. For non-singular measures and in the presence of the
-term a stable lattice can be shown to arise naturally [8, 7, 9]. The higher deriva-
tive terms can be set to zero (a = 0), but they nevertheless seem to be necessary
for reaching the lattice continuum limit, and are in any case generated by radiative
corrections already in weak coupling perturbation theory.
The purely gravitational measure contains an integration over the elementary
lattice degrees of freedom, the edge lengths. For the edges we write the lattice
integration measure as [4, 7, 8, 9]
Z
d[l] =
Y
edges ij
Z
1
0
V
2
ij
dl
2
ij
F [l] ; (2:3)
where V
ij
is the 'volume per edge', F [l] is a function of the edge lengths which
enforces the higher-dimensional analogs of the triangle inequalities, and the power
 = 0 for the lattice analog of the DeWitt measure for pure gravity. The factor
V
2
ij
plays a role analogous the factor (
p
g)
2
which appears for continuum measures
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[10, 11]. A variety of measures have been proposed in the continuum [10, 11, 12, 13]
and on the lattice [14], some of which are even non-local. Since there is no exact
gauge invariance on the Regge lattice (nor in any other known lattice formulation
of gravity), one cannot uniquely decide a priori which is the most appropiate gra-
vitational measure. Note that no cuto is imposed on small or large edge lengths,
if a non-singular measure such as dl
2
is used. This fact is essential for the recovery
of dieomorphism invariance close to the critical point, where on large lattices a
few rather long edges, as well as some rather short ones, start to appear [6]. The
inuence of the measure and the dependence of the results on the underlying lattice
structure have also been investigated recently in [15].
3 Invariant Correlations
Previous work dealt almost exclusively with averages of invariant local operators
such as the volume, the curvature and their uctuations. A great deal of information
about the theory can be obtained by considering just these local quantities [6]. But
in general the information obtained is restricted only to the leading long distance
properties, and higher order corrections as well as additional information can only be
obtained by considering correlations between operators separated by some geodesic
distance [8, 6]. In quantized gravity complications arise due to the fact that the
physical distance between any two points x and y in a xed background geometry,
d(x; y j g) = min

Z
(y)
(x)
d
q
g

()
d

d
d

d
; (3:1)
is a uctuating quantity dependent on the background metric. In addition, the
Lorentz group used to classify spin states is meaningful only as a local concept. Since
the simplicial formulation is completely coordinate independent, the introduction of
the local Lorentz group requires the denition of a tetrad within each simplex,
and the notion of a spin connection to describe the parallel transport of tensors
between at simplices. Some of these aspects have also been discussed recently in
the continuum in [16, 17].
For a set of local operators f
~
O

(x)g, we can consider in general the set of con-
nected correlations at xed geodesic distance d,
G

(d) = <
~
O

(x)
~
O

(y) (jx  yj   d) >
c
: (3:2)
A suitable set of local operators in the continuum is represented, for example, by
the fourteen algebraically independent coordinate scalars which can be constructed
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from the components of the Riemann tensor
R(x); R

R

(x); R

R

(x); R
2
(x); : : : (3:3)
On the lattice one can construct discrete approximations to these operators [7].
Since the decit angles are proportional to the Gaussian curvatures associated with
the hinges, in general more than one hinge needs to be considered, and the cor-
responding lattice operators are not completely local, in the sense that they can
involve a number of neighboring hinges, as well as the angles describing their rela-
tive orientation. For a small space-time loop we may make the identication
R



 
h
U
(h)

(3:4)
where 

is the area bivector of the loop, and U
(h)

is a bivector perpendicular to
the hinge h,
U
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1
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h
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l

(a)
l

(b)
(3:5)
with l

(a)
and l

(b)
the two vectors forming two sides of the hinge h. This relation
emphasizes the fact that the decit angle gives only information about the projection
of the Riemann tensor in the plane of the (small) loop C orthogonal to the hinge.
On the lattice the natural choices for invariant operators are
p
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(3.6)
(we have omitted here on the r.h.s. an overall numeric coecient, which will depend
on how many hinges are actually included in the summation; if the sum extends
over all hinges within a single hypercube, then there will be a total of 50 hinge
contributions). From these formulae, representations for operators such as R
2
can
then be constructed,
p
g R
2
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2
: (3:7)
If the decit angles are averaged over a number of contiguous hinges which share a
common vertex, one is naturally lead to the correlation
G
R
(d)  <
X
hx

h
A
h
X
h
0
y

h
0
A
h
0
(jx  yj   d) >
c
; (3:8)
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which corresponds to correlations in the scalar curvature,
 <
p
g R(x)
p
g R(y) (jx  yj   d) >
c
: (3:9)
Similarly one can construct
G
V
(d)  <
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hx
V
h
X
h
0
y
V
h
0
(jx  yj   d) >
c
; (3:10)
which corresponds to the volume correlations
 <
p
g(x)
p
g(y) (jx  yj   d) >
c
: (3:11)
A more precise denition of what is meant by the above correlation functions on
the lattice is as follows. First, for a given operator, the geodesic distance between
any two points x and y is determined in a xed background geometry (the actual
method to do this will be described in detail below). Next the correlations are
computed for all pairs of points within geodesic distance d and d + d, where
d is an interval comparable or slightly larger than the average lattice spacing
l
0
=
p
< l
2
>, but clearly much smaller than the distance d considered. Finally,
the correlations determined for a xed geodesic distance d are averaged over all the
metric congurations, and the connected parts are then computed in the usual way.
In general the above correlations will contain particles of dierent spin (0,2), but
at large distances the lightest state with spin two (the graviton) should dominate,
if the theory is to reproduce classical general relativity at large distances.
Up to now we have considered correlations between scalar densities. For higher
rank tensor densities things become more complicated. In general one can compare
two vectors at dierent locations only if one of them is rst parallel transported
to the other's location. Integrating the parallel transport equation for an arbitrary
four-vector S

,
dS

d
=  


dx

d
S

; (3:12)
along some path C connecting x and y, one obtains
S

(y) = [P exp
Z
y
x
 
:
:
(z)dz

]


S

(x) : (3:13)
This path-dependent factor then enters in the denition of the correlation functions,
for example involving two coordinate vectors U and V ,
G
UV
(d) = < U

(x) [P exp
Z
y
x
 
:
:
(z)dz

]


V

(y) (jx  yj   d) >
c
: (3:14)
It is clear that such a correlation function will in general be path-dependent. In
addition, one has the problem that the Regge formulation is coordinate independent,
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and frames have to be introduced within each simplex to specify the orientation of
a vector, and in order to dene an ane connection. If we consider a single closed
path C, we obtain the analog of the Wilson loop
W [C]  < Tr[P exp
I
C
 
:
:
dx

  1]> (3:15)
It is convenient to consider planar loops, which are spanned by the geodesics tangent
to a plane at some point in the center of the loop. On the simplicial lattice the Wilson
loop is computed by evaluating the decit angle, (and its moments), associated with
a large planar loop,
< (
C
)
n
> = < (
X
sC

s
  2)
n
> (3:16)
where s labels the simplices traversed by the loop, and 
s
is the appropriate internal
dihedral angle. Like the decit angle 
h
itself, this quantity is of course coordinate
independent (it describes the rotation angle of a vector which is parallel-transported
around the loop). In gravity the Wilson loop does not have quite the same inter-
pretation as in ordinary gauge theories, since it is not directly associated with the
Newtonian potential energy of two static bodies [17, 6]. In ordinary gauge theories
at strong coupling the Wilson loop decays like the area of the loop, due to the strong
independent uctuations of the gauge elds at dierent points in space-time and en-
suing cancellations. In gravity the situation is quite dierent, since the connections
cannot be considered as independent variables, and the uctuations in the decit
angles at dierent points in space-time are strongly correlated. In the remainder of
this paper we shall restrict our attention to correlations between local operators that
transforms like coordinate scalars, such as the ones described at the beginning of this
section, and leave the study of the other, more complicated, correlation functions
for future work.
It is well known that in the weak-eld expansion the Einstein-Hilbert action
contains both spin two (graviton) and spin zero (conformal mode) contributions.
By a judicious choice of invariant correlation functions, one would like to be able to
isolate the physical properties of the graviton and the conformal mode. The same
result holds of course on the lattice, as can be seen by expanding the Regge action
about a regular lattice, since the lattice and continuum actions are equivalent for
suciently smooth manifolds [2, 3]. In the continuum, after expanding the metric
around at space (which requires  = 0),
g

= 

+
p
16G h

; (3:17)
one can cast the lowest order, quadratic, contribution to the action in the form
I
E
[h

] =
1
2
Z
d
4
x h

V

h

(3:18)
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where V is a matrix which can be expressed in terms of spin projection operators.
In momentum space it can be written as
V = [P
(2)
  2P
(0)
] p
2
(3:19)
where P
(2)
and P
(0)
are spin two and spin zero projection operators introduced in
[18]. Physically, the two terms correspond to the propagation of the graviton and
of the conformal mode, respectively, with the latter one appearing with the `wrong'
sign. In the `Landau' gauge, with a gauge xing term 
 1
(@

h

)
2
and  = 0, one
obtains for the graviton propagator in momentum space
G

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
p
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 
1
2
P
(0)

p
2
(3:20)
The unboundedness of the Euclidean gravitational action shows up clearly in the
weak eld expansion, since the spin zero mode acquires a kinetic or propagator term
with the wrong sign. We note here also the fact that the conformal mode is not
pure gauge. In the presence of higher derivative terms in the gravitational action,
the above result is modied by terms O(p
4
), and becomes [19]
G

(p) =
P
(2)

p
2
+
2a
k
p
4
+
1
2
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(0)

 p
2
+
a
k
p
4
(3:21)
On the lattice, all terms in Eq. (2.1) contain higher derivative contribution; in
the last term proportional to a these are the leading contribution. Of course the
appearance of higher derivative terms is unavoidable in lattice eld theories [20].
It was shown in [2, 3] that the simplicial lattice model, when expanded in the weak
eld limit about a regular lattice with hypercubic connectivity, gives rise at long
wavelengths to the same graviton propagator as the continuum theory. We should
add that in the presence of a cosmolgical constant, at space is no longer a solution
of the classical equations of motion, and the above expansion for the metric looses
part of its meaning due to the presence of the tadpole term (the appearence of a
`graviton mass' in this case appears as an artifact of the expansion about the wrong
vacuum).
A priori one cannot exclude to possibility that some of the states acquire a mass
away from the critical point. In the presence of massive excitations one would expect
the following behavior for the correlation functions of Eq. 3.2,
G

(d)

d1=m
T

d
 
exp( md) + T
0

d
 
0
exp( m
0
d) +    (3:22)
where m and m
0
are the masses associated with the lowest lying excitations (here
with m < m
0
). Close to the critical point in Newton's constant at k = k
c
, where one
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expects the graviton mass to vanish, the leading behavior should turn into a power
law
G

(d)

dl
0
T

C
d

(3:23)
where T is some numeric matrix with entries of order one, C is a constant that sets
the overall scale,  a power which depends on the scaling dimensions of the chosen
operators, and l
0
the average lattice spacing. Furthermore on physical grounds one
would expect, based on the structure of the graviton propagator which emerges
from the weak eld expansion, that correlations in the volume should behave rather
dierently from correlations in the curvature. This is indeed what was found for
the zero momentum components, the volume and curvature uctuations discussed
in [6].
Some partial information about the behavior of the relevant correlations can be
obtained indirectly from local averages. In [5] gravitational physical observables,
such as the average curvature and its uctuation, were introduced. The appropriate
lattice analogs of these quantities are readily written down by making use of the
usual correspondences
R
d
4
x
p
g !
P
hingesh
V
h
etc.. On the lattice one prefers to de-
ne quantities in such a way that variations in the average lattice spacing
p
< l
2
>
are compensated by the appropriate factor as determined from dimensional consid-
erations. In the case of the average curvature we have dened the lattice quantity
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>
< 2
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h

h
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h
>
<
P
h
V
h
>

<
R
p
g R >
<
R
p
g >
; (3:24)
and similarly for the curvature uctuation,

R
(; k; a) 
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R
p
g R)
2
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R
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g R >
2
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R
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
1
V
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The curvature critical exponent  is introduced via
R

k!k
c
 A
R
(k
c
  k)

(3:26)
Then it is easy to see that the curvature uctuation is related to the connected
scalar curvature correlator at zero momentum

R

R
d
4
x
R
d
4
y <
p
gR(x)
p
gR(y) >
c
<
R
d
4
x
p
g >

k!k
c
(k
c
  k)
 1
: (3:27)
A divergence in the uctuation is then indicative of long range correlations, corre-
sponding to the presence of a massless particle. Close to the critical point one would
expect for large separations a power law decay in the geodesic distance,
<
p
gR(x)
p
gR(y) >

jx yj!1
1
jx  yj
2n
; (3:28)
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with the power n related to the exponent  via n = d=(1 + ) = d  1=, and with
the exponent  dened as  = (1 + )=d.
One can contrast the behavior of the preceding quantities, associated strictly
with the curvature, with the analogous quantities involving the local volumes, which
correspond to the square root of the determinant of the metric in the continuum.
One considers the average volume < V >, and its uctuation dened as

V
(; k; a) 
< (
R
p
g)
2
>   <
R
p
g >
2
<
R
p
g >

1
V
@
2
@
2
lnZ: (3:29)
The latter is then related to the connected volume correlator at zero momentum

V

R
d
4
x
R
d
4
y <
q
g(x)
q
g(y) >
c
<
R
d
4
x
p
g >
: (3:30)
It is clear that uctuations in the curvature are sensitive to the presence of a spin two
massless particle, while uctuations in the volume probe only the correlations in the
scalar, conformal mode channel. From the previous discussion it should be evident
that in the case of gravity a signicant qualitative dierence should be expected
in the two types of correlations, given in particular the 'wrong' sign for the kinetic
term associated with the conformal mode in perturbation theory. As will be shown
below, such a distinctive behavior is indeed seen.
To conclude this section, let us discuss briey the method of computing the
geodesic distance between two given points in a xed background metric congu-
ration. We can write schematically the propagator for the scalar eld in a xed
background geometry, specied by some distribution of edge lengths, as
G(d) =< yj
1
 @
2
+m
2
jx >; (3:31)
where d is the geodesic distance between the two spacetime points x; y, and @
2
is
the usual covariant Laplacian,
@
2
 
1
p
g
@

p
g g

@

: (3:32)
Now x one point at the origin 0, and use the discretized form of the scalar eld
action used in Ref. [21],
I

[l; ] =
1
2
X
<ij>
V
ij


i
  
j
l
ij

2
+
1
2
m
2
X
i
V
i

2
i
; (3:33)
Here V
ij
is the baricentric volume associated with the edge l
ij
, while V
i
is a baricentric
volume associated with the site i. Then the discrete equation of motion for the eld
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i
in the presence of a -function source of unit strength localized at the origin gives
us the sought-after Green's function. It is useful to write this equation in a form
suitable for iteration, by solving explicitly for 
i
,

i
=
1
W
i

X
j 6=i
W
ij

j
+ 
i0

; (3:34)
with weights given by
W
i
=
X
j 6=i

m
2
2
+
1
l
2
ij

V
ij
; W
ij
=
V
ij
l
2
ij
: (3:35)
Here the sums extend over nearest-neighbor points only, and 
i0
is a delta-function
source localized at the origin on site 0. The above equation for 
i
can then be solved
by an iterative procedure, taking for example 
i
= 0 as an initial guess. After the
solution 
i
has been determined by relaxation, at large distances from the origin
one has

i
 G(d(i; 0))

d(i;0)1=m
A
q
m=d(i; 0)
3
exp( md(i; 0)); (3:36)
which determines the geodesic distance d(i; 0) from lattice point 0 to lattice point i.
This method is far more ecient and accurate than trying to determine the geodesic
distance by sampling paths connecting the two points, as was done in [6], but is
equivalent to it at large distances [22].
Still an important correction needs to be applied. In general the asymptotic be-
havior of the above scalar correlation is reached only for large distances compared to
the quantity 1=m. At relatively short distances, comparable to the average spacing
between lattice sites, sizable deviations appear and corrections have to be applied.
Dene a `propagator distance' d
pr
between two points labeled by 0 and i as
d
pr
(i; 0) =  
1
m
log

G
i
G
0

(3:37)
where m is taken to be of order one (the specic value is not important here). d
pr
then becomes proportional to the true geodesic distance only at large distances.
Next call d
rw
the 'random walk' or true geodesic distance between the two points,
obtained by adding up the lengths of the line segments forming the shortest lattice
path from 0 to i. As can be seen clearly from Fig. 1, in spite of some transients for
small distances, the two quantities are rather smooth functions of each other, and
quite independently of the binning procedure used. For the purpose of this work,
a quadratic polynomial interpolation of the true physical distance d
rw
in terms of
the quantity d
pr
is quite adequate, bringing down the uncertainty in the distance
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determination signicantly below the statistical uctuations in the correlations. We
have checked that this correction is, as expected, almost independent of the geometry
conguration, for k < k
c
and xed values of  and a. The above method allows one
to estimate the geodesic distance reasonably accurately even for points which are
quite far apart, and for which the determination of the true physical distance by
the shortest path method would be prohibitively time consuming. In a number of
cases we have explicitly checked that indeed the correlation functions at not too
short distances become insensitive within errors to the method used for determining
the distance. A detailed comparison of correlation functions obtained by the two
dierent methods will be presented elsewhere. But for large distances it is clear that
the propagator method is far more ecient.
4 Results
As in our previous work, the edge lengths are updated by a straightforward Monte
Carlo algorithm, generating eventually an ensemble of congurations distributed
according to the action of Eq. (2.1) and measure of Eq. (2.3). Further details of the
method as applied to pure gravity are discussed in [23], and will not be repeated
here. In this work the edge length congurations already generated in [6] were used
as a starting point.
For computing the correlation functions, we considered lattices of size 8888
(with 4096 sites, 61440 edges, 98304 simplices) and 16  16  16  16 (with 65536
sites, 983040 edges, 1572864 simplices). Even though these lattices are not very
large, one should keep in mind that due to the simplicial nature of the lattice there
are many edges per hypercube with many interaction terms, and as a consequence
the statistical uctuations can be comparatively small, unless measurements are
taken very close to a critical point, and at rather large distances in the case of the
correlations. The usefulness of studying two dierent lattice sizes lies in the fact
that nite size eects can be systematically monitored.
As usual the topology was restricted to a four-torus (periodic boundary con-
ditions). We have argued before that one could perform similar calculations with
lattices employing dierent boundary conditions or topology, but the universal in-
frared scaling properties of the theory should be determined only by short-distance
renormalization eects. The renormalization group equations are in fact indepen-
dent of the boundary conditions, which enter only in their solution as it aects the
correlation functions through the presence of a new dimensionful parameter, the
linear system size L = V
1=4
.
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In this work the bare cosmological constant  appearing in the gravitational
action of Eq. (2.1) was xed at 1 (this coupling sets the overall scale in the problem).
The higher derivative coupling a was set to 0 and 0:005, in order to investigate the
sensitivity of the results to what is expected to be an irrelevant term, at least for
small a. For the measure of Eq. (2.3) this choice of parameters leads to a well behaved
ground state for k < k
c
 0:063 (for a = 0) or k < k
c
 0:245 (for a = 0:005). The
system then resides in the `smooth' phase, with a fractal dimension close to four;
on the other hand for k > k
c
the curvature becomes very large (`rough' phase), and
the lattice tends to collapse into degenerate congurations with very long, elongated
simplices. For a = 0 we investigated six values of k (0:00; 0:01; 0:02; 0:03; 0:04; 0:05),
while for a = 0:005 we looked at ve values of k (0:00; 0:05; 0:10; 0:15; 0:20).
From physical considerations it seems reasonable to impose the constraint that
the scale of the curvature in magnitude should be much smaller than the average
lattice spacing, but much larger than the size of the system, or in other words
< l
2
> < l
2
> jRj
 1
 V
1=2
: (4:1)
This is equivalent to the statement that in momentum space the physical scales
should be much smaller that the ultraviolet cuto, but much larger than the infrared
one. This fact prevent us from studying larger values of a, since the curvature then
becomes too small. Conversely, for too small values of a (and in particular negative
a) the curvature becomes rather large in magnitude, and the results become useless
when one is too far away from the critical point in k. The above constraint then
requires that either k is very close to k
c
, or that a cannot be too small.
For both values of the coupling a we studied correlations on both a 8
4
and a 16
4
lattice. On the 8
4
lattice we generated 900-1600 consecutive congurations at a = 0
and 200-400 congurations at a = 0:005, for each value of k. On each conguration
all correlations were measured for 20 origins, chosen at random. On the 16
4
lattice
we generated 180 congurations at a = 0 and about 300 congurations at a = 0:005,
for each value of k. Results for a larger statistical sample are in progress and will
be presented elsewhere. On each conguration all correlations were measured for
256 origins, again chosen at random. The runs are comparatively longer on the
larger lattices, since it was possible in that case to use a fully parallel version of
the program. All the geodesic distance and correlation measurements were also
done in parallel. The propagator distances were computed with m = 1 and 40
relaxation iterations, which proved completely adequate for our purposes. As a
check, we computed in a number of instances the correlations using the `random
walk' or exact lattice geodesic distance, and found no discrepancy within errors for
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distance larger than one or two average lattice spacings. The correlation functions
were further divided in bins according to the value of the geodesic distance, with
a bin width d = 2, which is comparable to the average lattice spacing (which is
about l
0

p
< l
2
>  2:3 for the couplings used in this work, almost independently
of a and k).
We computed the correlations for all the operators listed in Eqs. (3.6) and
(3.7). In constructing these operators, the summation over hinges was restricted to
all hinges h which are within one hypercube containing a given site labeled by x
(there are 50 such hinges). Here we will only present the results for the volume-
volume correlation G
V
(d) and the curvature-curvature correlation G
R
(d); the other
correlations are more dicult to determine accurately, and the results for those
will be presented elsewhere. Not unexpectedly, the correlation functions are more
dicult to determine at large distances, where they become small and tend to be
drowned in the statistical noise. For a = 0 and k = 0:05 we did not achieve enough
statistics to obtain accurate data for the correlations, and therefore results for this
coupling will not be presented here. The results we have obtained so far are shown
in Figs. 2 to 5.
The rst rather striking result is that the volume correlations (shown in Fig. 2
for a = 0 and in Fig. 3 for a = 0:005) are negative at large distances. This seems to
happen for all values of a and k we have investigated. At very short distances, com-
parable to one or two average lattice spacings, we expect the correlation functions
to show some oscillations due to the underlying lattice structure, and this is indeed
what is observed. In particular, for a = 0:005 the lattice action contains second
neighbor interactions, and it makes little sense in this case to analyze correlations
which involve distances comparable to two average lattice spacings or less. Indeed
some oscillations are observed at relatively small distances both in the volume and
curvature correlations, and some oscillations persist also when the geodesic distance
is computed by the random-walk method. Of course the oscillations can be reduced
and even eliminated by using a larger bin width for the geodesic distance, as ex-
plained in the previous section, but then only few points would be left to display (as
we said, we have chosen a bin width d = 2, which is comparable to the average
lattice spacing, l
0
 2:3; on larger lattices a larger bin width could be used).
The curvature correlations (shown in Fig. 4 for a = 0 and in Fig. 5 for a =
0:005) on the other hand are always positive, even though, again, one notices some
oscillations at short distances due to the lattice structure. To analyze their behavior
further, one can attempt to t the correlation at 'large' distances, here meaning
d  l
0
, to an exponential decay, as indicated in Eq. (3.22). Alternatively, one
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can try to t them to a power law close to the critical point at k
c
, as indicated in
Eq. (3.23).
If the correlations are tted to an exponential decay, one nds that the behav-
ior is always consistent with a mass that decreases as one approaches the critical
point. Close to this critical point let us write for the mass of the spin two particle,
which is expected to determine the long distance behavior of the curvature-curvature
correlation function,
h
m
(2)
i
2

k!k
c
A
(2)
(k
c
  k) (4:2)
and similarly for the spin zero state, which determines the long distance behavior
of the volume-volume correlation function,
h
m
(0)
i
2

k!k
c
A
(0)
(k
c
  k) (4:3)
We shall refer to m
(0)
as the 'mass' of the spin zero state, in spite of the fact that
its propagator amplitude has the wrong sign for a real particle. The motivation for
using the mass squared in the preceding equation is as follows. In our previous work
we estimated the critical exponent , which determines how the dynamical graviton
mass approaches zero at the critical point, m  (k
c
  k)

, and found that it was
close to 1=2 (in Ref. [6] we estimated   0:4 for a = 0:005). Also it should be
added for the sake of clarity, that the values we quote refer to `physical' masses,
and not to masses in units of the lattice spacing, which would be larger by about a
factor of two, since, as we mentioned previously, the average lattice is not one but
about l
0
 2:3.
For both spin zero and spin two, we nd a clear decrease in the mass towards
the critical point. The decrease is more clearly seen for a = 0, since the masses are
larger in this case. For the amplitude we estimate A
(0)
= 2:5(8) and A
(2)
= 2:8(9) at
a = 0, and A
(0)
= 0:09(6) and A
(2)
= 0:18(7) at a = 0:005. The rapid decrease in the
mass amplitudes A
(0)
and A
(2)
, which incidentally are not expected to be universal,
is caused by a relatively small change in the bare coupling a, and is not completely
unexpected in light of the asymptotic freedom of higher derivative gravity theories
[19]. Here we are making the assumption that both masses will indeed go to zero
at the same critical point. To a certain extent this seems to be justied by the fact
that the two masses have comparable values close to k
c
, a fact that is reected in
the amplitudes, which are also comparable for a given value of a. The results for
the correlations do not allow one yet to determine in a clean way if this is indeed
what is happening, but they are certainly consistent with such an expectation. We
will leave a more accurate determination of the mass parameters for future work.
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When the mass of the particle is very small, it becomes dicult to distinguish
an exponential decay of the correlation function from the pure power behavior of
Eq. (3.23), which is expected to appear at k
c
, at least if coordinate invariance gets
fully restored in the neighborhood of the critical point. Close to k
c
, we have esti-
mated the powers to be 
(0)
= 1:4(5) and 
(2)
= 2:3(8) at a = 0, and 
(0)
= 0:8(5)
and 
(2)
= 2:6(8) at a = 0:005. While the errors are quite large, the results for the
two values of a do not seem to be inconsistent. We leave a more accurate quantita-
tive determination of these numbers for future work. Close to the critical point, the
power associated with the volume correlation function is not very far from 2, the
free eld value (it seems a bit smaller, but this could be due to the smallness of our
lattice which makes it dicult to reach the asymptotic behavior of the correlations),
while the power associated with the curvature correlation function seems somewhat
larger (the estimates for the critical exponent  presented in [6] would suggest a
value closer to 3, see Eq. (3.28)).
In ref. [6] several values for a were studied, and it was found that while for a =
0:005 the results suggest a second order phase transition, for a = 0 the singularity in
R appears in fact to be logarithmic ( close to 0), suggesting a rst order transition
with no continuum limit. This situation should reect itself in a dierent behavior
of the curvature correlation at large distances in the two cases, but the accuracy
here is not sucient to see the dierence. Let us also remark here that the lack of
a (positive) divergence in the volume uctuation close to the critical point found
in [6] is seen here as a reection of the fact that the volume correlation is negative
at suciently large distances. This should give rise to cancellations, and make
the singular contribution to the uctuation eventually negative denite close to the
continuum limit.
In conclusion, our results are not inconsistent with the expectation that close
to the critical point the long distance properties of the model are described by a
theory whose graviton propagator is of the form described in Eq. (3.20), with a
vanishing mass for both the spin two and spin zero components. The latter result is
of course crucial for the recovery of general coordinate invariance: both contributions
must survive in the right proportions if the model is to reduce to classical General
Relativity at large distances. A careful study of the above issues should give further
support to the argument that coordinate invariance is indeed recovered in this model
at large distances, and that the correct low energy theory is recovered.
Let us add that it seems rather remarkable that the results described here seem
to hold, in spite of the fact that a) the model includes a bare cosmological constant
to start with, b) the model contains lattice higher derivative terms, c) there is no
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sensible notion of continuous lattice dieomorphisms away from smooth manifolds,
d) there are no classical solutions of Einstein's theory with a -term on a four-torus,
and e) the model exists only in one phase (the smooth phase) which appears only
for G > G
c
.
5 Conclusions
In the previous sections we have presented some rst results regarding the properties
of invariant correlations in the context of a model for quantum gravity based on
Regge's formulation. The determination of invariant correlations as a function of
geodesic distance is a dicult task, since the geodesic distance between any two
points is a function of the uctuating geometry, and is not given a priori. The scalar
propagator method provides an ecient method for computing the distances, even
though a new source has to be given for each point from which distances are to be
determined.
A strikingly dierent behavior was found for the volume-volume and curvature-
curvature correlation functions. The rst one is decaying and negative denite at
large geodesic distances, while the second one is always positive for large geodesic
distances. The behavior found for both correlation functions is consistent with an
exponential decay, which eventually turns into a power law close to the critical point
at G
c
. We have argued that such a bizarre behavior is precisely what is expected if
the model is supposed to reproduce the classical Einstein theory, for distances which
are very large compared to the ultraviolet cuto scale. It is a consequence of the fact
that the weak-eld expansion propagator for Einstein's theory, in the absence of a
cosmological constant term, contains both spin zero and spin two modes, with the
wrong sign for the conformal mode. Our results seem to indicate that, besides the
graviton, such a mode will survive with the correct low energy kinetic term. This
seems to happen in a model for gravity which at short distances is far removed from
the pure Einstein theory, containing both a bare cosmological term and bare higher
derivative lattice terms.
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6 Note added in proof
After this work was submitted for publication, a preprint appeared [24] in which
edge and volume correlations are computed in the Regge model as a function of
vertex label on lattices of size 3
3
 8 and 4
3
 16. A direct comparison with the
results presented in this paper is not possible at this time, since the above authors
do not compute correlations at xed geodesic distance.
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Figure Captions
Fig. 1 Propagator distance d
pr
versus true physical geodesic distance d
rw
from the
origin, on a typical geometry conguration ( = 1, k = 0:2, a = 0:005).
Diamonds represent averages on an 8
4
lattice, squares represent averages on a
16
4
lattice. The continuous line is a quadratic interpolation in the region d
rw
<
15. For larger distances, a direct determination of d
rw
requires a prohibitively
large sampling of paths, and nite volume eects become predominant.
Fig. 2 Negative of the volume correlations G
V
(d) for  = 1 and a = 0, and k = 0:00
(3), 0.01 (+), 0.02 (2), 0.03 (), and 0.04 (4) (k
c
 0:063). Results are from
a 16
4
lattice, and the lines represent best ts to the data.
Fig. 3 Negative of the volume correlations G
V
(d) for  = 1 and a = 0:005, and
k = 0:00 (3), 0.05 (+), 0.10 (2), 0.15 () and 0.20 (4) (k
c
 0:245). Results
are from a 16
4
lattice, and the lines represent best ts to the data.
Fig. 4 Curvature correlations G
R
(d) for  = 1 and a = 0, and k = 0:00 (3), 0.01
(+), 0.02 (2), 0.03 (), and 0.04 (4) (k
c
 0:063). Results are from a 16
4
lattice, and the lines represent best ts to the data.
Fig. 5 Curvature correlations G
R
(d) for  = 1 and a = 0:005, and k = 0:00 (3), 0.05
(+), 0.10 (2), 0.15 () and 0.20 (4) (k
c
 0:245). Results are from a 16
4
lattice, and the lines represent best ts to the data.
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